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Abstract
We study the effect of noncommutative spacetime geometry on one-loop corrections to the
primordial curvature two-point function, arising from various forms of massless spectator matter
fields interacting gravitationally with the inflaton. After deforming the algebra of functions
on the inflationary background to a spatially noncommutative one, we find that this induces
momentum-dependent corrections to one-loop terms which imply that the vacuum fluctuations
of the energy-momentum tensor source that of the curvature fluctuation even for distances
beyond horizon scales. The one-loop corrections break spatial isotropy by being functions of
the noncommutative parameters lying in the tranverse plane while reducing smoothly to the
commutative limit. This furnishes an example of how UV/IR mixing manifests itself in the
context of noncommutative field theories defined on inflationary backgrounds, and demonstrates
how in principle, the primordial spectrum could carry a signature of nonlocality and anisotropy
in the setting of noncommutative spacetime geometry.
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1 Introduction
For the primordial universe where quantum gravitational effects were very strong, the notion of
a classical spacetime continuum should break down at some point and stringy effects could be
dominant in such an era. One of the simplest models of a departure from the continuum notion
is that of ‘discretized’ spacetime [1, 2] that follows from a noncommutative structure like that
of the canonical quantization bracket in quantum mechanics. In string theory, noncommutative
spacetime geometry can emerge in various settings, a few examples being: (i) a collection of D0
branes in the presence of external RR four-form flux expanding into a noncommutative S2 [3],
(ii) vertex operators of open strings following an associative but noncommutative Moyal star
product in the presence of a large NS-NS B-field B in the zero slope (α′ → 0) limit, with the
target space coordinates obeying a noncommutative bracket [4]
[xi, xj ] ∼ iθij ∼ i(1/B)ij .
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Motivated by such considerations, there has been interesting works that have sprung up over
the past twenty years studying issues of how noncommutative geometry could potentially man-
ifest itself in primordial cosmology especially in the context of inflationary dynamics [5, 6, 7, 8].
For example as explained in [6], noncommutative inflation can arise if the inflaton field origi-
nates from the open string sector such as being the modulus of the endpoint of open strings,
while the gravitational background remains unaffected by the noncommutativity. At the phe-
nomenological level, one typically proceeds to develop an effective description via a study of how
noncommutative deformations of field theories on cosmological spacetime backgrounds should
work, and their implications for observables such as correlation functions.
For the one-loop runnings of the primordial spectrum in the usual ‘commutative’ setting,
they were first computed by Weinberg [9] via the Schwinger-Keldysh (or ‘in-in’) formalism with
the results generalized and refined by several others, eg. [10, 11, 12, 13, 14]. They could arise in
various manners, such as self-interaction of the inflaton [15], graviton [16], etc. For our purpose
here, we will be interested in loop corrections due to external matter fields first considered in
[9]. From the phenomenological point of view, there is unfortunately little hope of observing
the one-loop correction which is roughly speaking suppressed by a factor of ∼ 
(
H
MPl
)2
where
 is the slow-roll parameter, H is the Hubble parameter during inflation and MPl the Planck
mass, relative to the tree-level two-point function. From our current observations of the CMB,
this factor should be less than an order of 10−12. Yet as Weinberg first explained in [9], there
are good reasons to study these corrections especially for external matter fields that are present
prior to reheating which parametrically dominate over the corresponding one-loop effect from
gravitons by virtue of their numbers. At least in principle, it would be interesting to know how
these effects distinguish between different types of matter fields, if they could grow large with
time and induce deviations of the primordial spectrum from scale invariance.
Refining the results in [9], Senatore and Zaldarriaga [10] showed that the one-loop correction,
apart from a renormalization constant term, takes the form of a logarithmic running log
(
H
µ
)
where µ denotes the renormalization scale. This matches well with a typical logarithmic term
appearing in scattering amplitudes log
(
E
µ
)
where E is the invariant collision energy. Such a
one-loop term is compatible with eternal inflation, invariant under the rescaling symmetry (i.e.
a→ λa, x→ x/λ where a is the scale factor ) of the FRW metric and preserves scale invariance.
(Previously in [9] and other preceding works such as [11], the logarithmic running is a function of
the external momentum log(k/µ).) As mentioned in [10], the result log
(
H
µ
)
is compatible with
what we expect from a weakly coupled theory for which the one-loop logarithmic term would
be small for a renormalization scale µ that is near the energy scale of the process. (In this case,
for example, some order-of-magnitude theoretical estimates yield H ∼ 10−5MPl, µ ∼ 10−3MPl
if we renormalize it at GUT scale.)
In this paper, we consider one-loop corrections to primordial spectrum arising from massless
matter fields that interact purely gravitationally with the inflaton coupled with the backdrop that
they reside on a noncommutative spacetime, in this case, a slow-roll inflationary background.
We find that the noncommutative deformation of the operator algebra introduces momentum
dependence into the one-loop correction, which implies that the vacuum fluctuation of the matter
field source that of the curvature fluctuation even for distances beyond the horizon scale - a
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striking feature of non-locality induced by the noncommutative spacetime geometry. Further, the
one-loop corrections break spatial isotropy by being functions of the noncommutative parameters
lying in the tranverse plane1 while reducing smoothly to the commutative limit. This furnishes an
example of a UV/IR mixing process transmitting the noncommutativity scale to superhorizon
scale in the context of noncommutative field theories defined on an inflationary background.
The momentum-dependent one-loop correction demonstrates how in principle, the primordial
spectrum could carry a signature of nonlocality in the setting of noncommutative spacetime
geometry.
We perform this calculation in the comoving curvature gauge (in which inflaton fluctuations
are set to zero) for the cases of massless scalars, fermions and U(1) gauge fields. In [12], the
trilinear interaction Hamiltonian describing their gravitational interaction with the curvature
mode was derived. It is straightforward to write down their noncommutative generalizations
(for the fermions and complex scalars, it turns out that there is a one-parameter family of
deformations) and deriving the one-loop correction amounts to computing various four-point
functions that could be performed by integrating products of Wightman functions. Graphically,
we can represent the one-loop term as a sum of planar and non-planar Feynman graphs as
depicted in Figure 1.
Figure 1: In the set of Feynman diagrams above, bold lines represent the primordial curvature
ζ while the dotted lines represent some matter fields. In this paper, we compute these one-loop
diagrams for massless scalars, fermions and U(1) gauge fields. The leftmost planar graph is the
usual correlation function obtained in the absence of noncommutative deformation, whereas the
non-planar graphs contain phase factors that accompany the vertices. They are schematically
of the form e
i
2
∑
i,j Iijθµνk
µ
i k
ν
j where Iij is a matrix equal to ±1 depending on whether the line j
(with momentum kj) crosses line i (with momentum ki) from the right or left respectively, being
zero in the absence of crossing, and θ is the noncommutative constant matrix-valued parameter.
In this work, we compute the various one-loop terms (both planar and non-planar graphs)
using both independent methods of dimensional regularization and cutoff regularization, making
sure that in all cases we obtain the same finite quantum correction. We assume purely a spatial
and constant noncommutativity parameter without assuming any specific stringy realization,
leaving more elaborate generalizations for future work. Our results add to previous work in
1Defining θi = 1
2
ijkθjk, the one-loop corrections depend on the magnitude of the components of ~θ transverse
to the momentum vector of the curvature fluctuations in momentum space.
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literature which explores the role of noncommutative geometry in inflationary dynamics. In
[17], it was shown that assumption of noncommutative spacetime geometry parametrized by θ0i
(i.e. space-time noncommutativity) leads to a deformation of the primordial power spectrum
and in [18], a bound (Hθ < 0.01 Mpc)on the noncommutative parameter was developed via
comparison with WMAP5 data. Further in [19], the noncommutative modification of the non-
gaussianity was computed. Similar to these results, we find that after imposing noncommutative
geometry, the one-loop correction breaks spatial isotropy and represents a non-local coupling
between the noncommutative background and fluctuation modes.
The plan of our paper goes as follows. In Section 2, we begin with a review of the derivation
of one-loop correction in the usual commutative case for scalars, fermions and vector fields via
two different regularization procedures. Incidentally, there are some subtleties in the Schwinger-
Keldysh formalism associated with an i-prescription in time-ordering which have affected the
accuracy of some of the previous results reported in literature, so we also take the opportunity
to refine the accuracy of some of the one-loop correction terms in the usual commutative case.
In Section 3, we discuss some aspects of quantum field theories on noncommutative spacetime,
in particular the noncommutative deformations of spectator matter fields residing on an infla-
tionary spacetime background. We derive the general form of the phase factor that one could
associate with the interaction vertices. Section 4 presents the main results of our paper - the
derivation of various non-planar one-loop corrections due to various matter fields together with
some comments on their physical interpretations. Finally, we end off in Section 5 with some
concluding remarks.
2 One-Loop corrections to primordial spectrum from matter
fields
2.1 Some preliminaries
In [9], Weinberg formulated the framework for computing loop corrections to cosmological corre-
lation functions due to matter fields, and this was further elaborated nicely in [12]. The classical
background is that of standard slow-roll inflation coupled to external matter fields. Loop correc-
tions arising from the matter fields are typically enhanced by degeneracy factors (corresponding
to the potentially large number of types of fields) and hence are generically more significant
than graviton and inflaton loops.
We consider the (minimal) coupling of external matter fields to the gravitational action
equipped with a slow-roll inflaton potential, with the Lagrangian
Lg = −1
2
√−g
(
1
8piG
R+ ∂µφ∂µφ+ 2V (φ)
)
+ Lmatter, (2.1)
where φ, V (φ) refer to the inflaton and its potential respectively. In subsequent sections, we
consider three basic massless matter fields: scalars (χ), fermions (Ψ) and abelian gauge fields
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(Aµ), with Lmatter being
Ls = −1
2
√−g∂µχ∂µχ, Lf = −1
2
√−g [ΨγαDαΨ− (DαΨ)γαΨ] , Lg = −1
4
√−gFµνFµν ,
(2.2)
where DαΨ = (∂α +
1
4ωα
mnσmn)Ψ is the covariant derivative for the Dirac spinor with ω being
the spin connection and σmn = −12 [γm, γn], with γm being the tangent space Dirac matrices. In
cosmological perturbation theory, one expands the action to arbitrary order in fluctuations of
the metric, inflaton and various matter fields. A convenient approach is to work in the ADM
formalism with some judicious choice of gauge. In the following we are interested in computing
one-loop corrections to the primordial spectrum 〈ζζ〉, with ζ defined in the following spatial
metric decomposition
gij = a
2e2ζ [eγ ]ij , (2.3)
where a(t) is the scale factor, γij is the (traceless and tranverse) gravitational wave ampli-
tude. and we have picked a gauge in which the inflaton does not fluctuate. The other metric
components are parametrized by
g00 = −N2 + gijN iN j , gi0 = gijN j ,
where N,Ni are the lapse and shift auxiliary fields that can be solved by the Hamiltonian
constraint equations. Expanding all matter and gravitational fluctuations to arbitrary orders
is tedious yet straightforward in principle, a process that can be simplified using suitable field
redefinitions and classical equations of motion. For our present purpose of computing one-loop
corrections, we require the explicit form of cubic interaction terms which are fortunately derived
in [12] for various types of matter fields. These trilinear interaction Hamiltonians can be written
compactly in terms of components of the energy-momentum tensor as follows [12]
Hint(t) = −
∫
d3x Ha5(T 00 + a2T ii)∇−2ζ˙, (2.4)
where  = −H˙/H is the slow-roll parameter. For massless scalars, Dirac fermions and U(1)
gauge fields, the interaction Hamiltonian (2.4) reads
Hζχχ = −
∫
d3x Ha5
(
2χ˙2∇−2ζ˙
)
,
HζΨΨ = −
∫
d3x 2Ha5
(
Ψγ0Ψ˙− Ψ˙γ0Ψ
)
∇−2ζ˙
HζAA = −
∫
d3x Ha5
(
1
a2
A˙2i +
1
2a4
(∂iAj − ∂jAi)2
)
∇−2ζ˙ (2.5)
In the Schwinger-Keldysh (or ‘in-in’) formalism, we compute the expectation values of some
product of field operators Q(t) evaluated at some common time t in the interaction picture,
with the prescription
〈Ω|Q(t)|Ω〉 = 〈0|
[
T¯ exp
(
i
∫ t
−∞+
dtHint(t)
)]
Q(t)
[
T exp
(
−i
∫ t
−∞−
dtHint(t)
)]
|0〉. (2.6)
In (2.6), the vacuum state of the free theory |0〉 is obtained after projecting on the interacting
vacuum state |Ω〉 with an i presciption, with the infinities analytically continued as
∞± =∞(1± i), (2.7)
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with  being a real and positive regulator. In the interaction picture, the field operators evolve
via the free Hamiltonian and thus they are expanded in terms of modes which are solutions to the
Mukhanov free field equations. The expectation value of Q(t) is then computed in perturbation
theory by expanding (2.6) to the required order. In this work, we focus on loop corrections
to the primordial spectrum and thus Q(t) = ζ(t)ζ(t), evaluated at large t ∼ ∞ or in terms of
conformal time τ ∼ 0.
For our purpose of computing the one-loop corrections arising from the trilinear interaction
Hamiltonian, we require second order terms in (2.6) which in conformal time read
〈ζζ〉1−loop = −2Re
∫ 0
−∞+
dτ2
∫ τ2
−∞+
dτ1 〈0|HζMM (τ1)HζMM (τ2)ζ(0)|0〉
+
∫ 0
−∞−
dτ1
∫ 0
−∞+
dτ2 〈0|HζMM (τ1)ζ2(0)HζMM (τ2)|0〉. (2.8)
On this note, we wish to point out that in the earlier works of [9] and [12], instead of (2.8), the
following form for the second-order correction was used to compute the one-loop correction.
〈Q〉 = −
∫ t
−∞
dt2
∫ t2
−∞
dt1〈0| [HζMM (τ1), [HζMM (τ2), Q]] |0〉, (2.9)
with the analytic continuation of∞(1± i) adopted implicitly. It appears that the second line of
(2.8) would however be missing, which was pointed out in [11] and [10] to give rise to a different
result for the one-loop correction (results were stated for the scalar field). In the following, we
will use (2.8) and find that the second line turns out to vanish in any case for the massless
fermion and abelian gauge field, while it is opposite in sign and larger relative to the first line in
(2.8), effectively rendering the scalar contribution to be opposite in sign to that of the fermion
and gauge fields.
2.2 On one-loop corrections from scalar, fermions and vector fields
To proceed, we require the mode expansions of various fields : the scalars, fermions and gauge
field operators can be expanded as
χ(~x, t) =
∫
d3q ei~q·~x
[
χq(t)a~q + χ
∗
q(t)a
†
−~q
]
, (2.10)
ζ(~x, t) =
∫
d3q ei~q·~x
[
ζq(t)a~q + ζ
∗
q (t)a
†
−~q
]
, (2.11)
Ai(~x, t) =
∫
d3q
∑
λ
ei~q·~x
[
Aq(t)ei(qˆ, λ)a~q,λ +A
∗
q(t)e
∗
i (−qˆ, λ)a†−~q,λ
]
, (2.12)
Ψ(~x, t) = a−
3
2 (t)
∫
d3q
∑
s
ei~q·~x
[
U~q,s(t)a~q,s + V−~q,s(t)β
†
−~q,s
]
, (2.13)
where λ and s label the polarization and spin basis states respectively. The oscillators obey
the usual (anti-)commutation relations and the modes satisfy the classical equations of motion.
Substituting (2.10) - (2.12) into (2.8), in momentum space, the one-loop correction can be
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expressed in the form
〈ζ~qζ−~q〉1−loop =
∫
d3pd3p′δ3(~q+~p+~p′)
[
−2Re
∫ 0
−∞+
dτ2
∫ τ2
−∞+
dτ1 Z1M+
∫ 0
−∞+
dτ1
∫ 0
−∞−
dτ2 Z2M
]
,
(2.14)
with M the four-point function of the matter fields (and their derivatives), and Z1,2 being that
of the curvature perturbation ζ. In the following, as in [9] and [12], we will take the slow-roll and
Hubble parameters to be slowly-varying and approximated as H(τ1) ≈ H(τ2) ≈ H(τq), (τ1) ≈
(τ2) ≈ (τq), i.e effectively constants at the time of horizon exit. The time-integrals are, as
explained in [9], dominated by the time τq of horizon exit. The various unperturbed fields are
rolling very slowly down the potential at τq. At horizon exit, the scale factor is approximately
of the form eHt. In (2.10)-(2.13), the various wavefunctions with Bunch-Davies initial condition
read
ζq(τ) = ζ
0
q e
−iqτ (1 + iqτ), |ζ0q |2 =
H2(τq)
2(2pi)3(τq)q3
,
χq(τ) = χ
0
qe
−iqτ (1 + iqτ), |χ0q |2 =
H2(τq)
2(2pi)3q3
,
Aq(τ) = A
0
qe
−iqτ , |A0q |2 =
1
2(2pi)3q3
,
U~q,s(τ) = U
0
q,se
−iqτ , V~q,s(τ) = V 0q,se
iqτ ,
∑
s
U0q,sU¯
0
q,s =
∑
s
V 0q,sV¯
0
q,s = −
iγµqµ
2(2pi)3q
, q = q0.
(2.15)
With these classical mode solutions, the 4-point function for the matter fields can be computed
to read
Scalar :Ms = 412H1H2a21a22(2pi)3pp′e−i(p+p
′)(τ1−τ2),
Fermions :Mf = 812H1H2a21a22(2pi)3(p− p′)2(1 + pˆ · pˆ′)e−i(p+p
′)(τ1−τ2),
U(1) gauge field :Mg = 212H1H2a21a22(2pi)3pp′(1 + pˆ · pˆ′)2e−i(p+p
′)(τ1−τ2), (2.16)
whereas those for the curvature perturbation read
Z1 =
H2
4a21a
2
2
2(τq)(2pi)6q2
(
e−iq(τ1+τ2) − eiq(τ2−τ1)
)
, Z2 =
H2
4a21a
2
2
2(τq)(2pi)6q2
eiq(τ2−τ1).
(2.17)
The time-integral is identical for all matter fields and can be easily performed.
−2Re
∫ 0
−∞+
dτ2
∫ τ2
−∞+
dτ1
(
e−iq(τ1+τ2) − eiq(τ2−τ1)
)
ei(p+p
′)(τ2−τ1) =
1
q(p+ p′ + q)
, (2.18)∫ 0
−∞+
dτ1
∫ 0
−∞−
dτ2e
iq(τ2−τ1)+i(p+p′)(τ2−τ1) =
1
(p+ p′ + q)2
. (2.19)
Assembling (2.16) - (2.19) together, and simplifying the momenta integral measure to read∫
d3pd3p′δ3(~q + ~p+ ~p′) =
2pi
q
∫ ∞
0
dp p
∫ |p+q|
|p−q|
dp′ p′, (2.20)
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we obtain the one-loop correction to be
〈ζ~qζ−~q〉1−loop = H
4(τq)
(2pi)2q6
∫ ∞
0
dp
∫ |p+q|
|p−q|
dp′
pp′
q(p+ p′ + q)
(
1
q
+
1
p+ p′ + q
)
M˜(p, p′, q), (2.21)
where
Scalar : M˜s = pp′,
Fermions : M˜f = 2(p− p′)2(1 + pˆ · pˆ′),
U(1) gauge field : M˜g = 1
2
pp′(1 + pˆ · pˆ′)2. (2.22)
In [9] and [12], these results were stated with the first term in (2.21) absent due to the omission
of the second term in (2.8), i.e.
∫ 0
−∞− dτ1
∫ 0
−∞+ dτ2 〈HζMM (τ1)ζ2(0)HζMM (τ2)〉. As we shall
take note shortly, this term is non-vanishing for the scalar but vanishes for the fermions and
gauge fields.
2.3 Logarithmic terms at one-loop from dimensional and cutoff regularization
2.3.1 Logarithmic term from cutoff regularization
We first consider a quick and blunt way of reading off the logarithmic term by cutoff regulariza-
tion. Rescaling all variables by q, (2.21) can be written as
H4(τq)
(2pi)2q3
× I(q), with
I(q) =
∫ L/q
0
dp
∫ p+1
|p−1|
dp′
[
F1(p, p
′) + F2(p, p′)
]
, (2.23)
where L is some UV cutoff, and F1,2 correspond to the first and second terms in the bracket of
(2.21). For now, we shall treat it as a ‘constant’ so as to relate our results closely to those of
[9] and [12], yet we bear in mind that it should in principle be q-dependent and relates to the
physical cutoff for dynamics at horizon exit. It is easy to see that the only possible origin of the
log(q) dependence can be traced to the upper integration limit in (2.23). Let us begin with the
case of the scalar field where
F1(p, p
′) =
p2p′2
p+ p′ + 1
,
and the integral evaluated at the upper limit L/q = L/µq/µ is the only potential origin of any finite
logarithmic term. Defining L˜ = Lq , a straightforward integration yields
I1(L˜) =
1
30
log L˜+
1
30
(1 + L˜)3(1− 3L˜+ 6L˜2) log
(
1 + L˜−1
)
+ . . . , (2.24)
where the ellipses refer to polynomials in L˜. In extracting the finite q-dependent terms, we can
read off from (2.24)
I1 = − 1
30
log
(
q
µ
)
+ . . . (2.25)
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We have adopted a UV cutoff L which isn’t manifest in the final expression for the finite logarithm
term. This is the term first reported in [9] and [12]. Similarly, for the term corresponding to
F2 = F1/(p+ p
′ + 1), we find I2(L˜) = −16 log(1 + L˜) + 16 L˜3(4 + 3L˜) log(1 + L˜−1) + . . . where we
suppress the polynomial terms. Extracting the finite logarithmic term, we obtain
I2 =
1
6
log
(
q
µ
)
+ . . . (2.26)
Summing the two contributions together, we obtain
Iscalar = I1 + I2 =
2
15
log
(
q
µ
)
+ . . . (2.27)
Let us now return to address the UV cutoff L more carefully. In the above, we have adopted
a fixed UV cutoff and extracted the logarithm term by discarding terms which diverge as the
cutoff is taken to positive infinity. As first pointed out in [10], this momentum cutoff is one
defined for the comoving momentum, and carries the same scaling ambiguity as that of the scale
factor. The physical cutoff should be defined in terms of proper length scales. Denoting Λphy as
the ‘physical’ momentum cutoff, we can write
Λphy =
L
a(τq)
, (2.28)
where we have used the scale factor at horizon-crossing, noting that the integrals are dominated
by dynamics at horizon-crossing where a(τq) = q/H(τq). This implies that we can write the
cutoff as
L
q
=
Λphy
H(τq)
(2.29)
leading to the effective replacement in (2.27)
log
(
q
µ
)
→ log
(
H
µ
)
, (2.30)
where µ is the renormalizaion scale.2 After taking this subtlety into account, we eventually have
Iscalar =
2
15
log
(
H
µ
)
+ . . . (2.32)
The computations are similar for the Dirac fermions and U(1) gauge fields, with one notable
difference: the term that comes from the term
∫ 0
−∞− dτ1
∫ 0
−∞+ dτ2 〈HζMM (τ1)ζ2(0)HζMM (τ2)〉
in (2.8) turns out not to contain any finite logarithmic term. Explicitly, suppressing the unim-
portant polynomial terms, for the fermions, we have
I1(L˜) =
2
15
log(1 + L˜) +
(
2L˜2 +
20
3
L˜3 + 8L˜4 +
16
5
L˜5
)
log(1 + L˜−1) + . . .
2 Another way to see this as explained in [10] is to perform the momentum integral first with a time dependent-
cutoff as follows. Schematically, for various quantities that one encounters at two-vertices, the cutoff regularization
is of the form
I =
∫ 0
−∞−
dτ2
∫ τ2eHΛ
−∞−
dτ1
∫ Λa(τ1)
d3p
∫
d3p′δ3
(
~q + ~p+ ~p′
)
g
(
~p, ~p′, t1, t2, ~q
)
(2.31)
It was argued in [10] that this yields (2.30).
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I2(L˜) =
(
2L˜+ 10L˜2 + 16L˜3 + 8L˜4
)
log(1 + L˜−1) + . . . . (2.33)
whereas for the U(1) gauge field, we find
I1(L˜) =
1
15
log(1 + L˜) +
(
2
3
L˜3 + L˜4 +
2
5
L˜5
)
log(1 + L˜−1) + . . .
I2(L˜) =
(
L˜2 + 2L˜3 + L˜4
)
log(1 + L˜−1) + . . . . (2.34)
Below, we summarize the various results
Iscalar =
2
15
log
(
H
µ
)
+ . . . , (2.35)
Ifermion = − 2
15
log
(
H
µ
)
+ . . . , (2.36)
Igauge = − 1
15
log
(
H
µ
)
+ . . . (2.37)
Thus we see that the one-loop contribution of the Dirac fermion exactly cancels that of the
scalar whereas the correction due to the U(1) gauge field is half that of the Dirac fermion and
of the same (negative) sign. Before we consider (2.35) - (2.37) using dimensional regularization,
we should remark that (2.35) differs from that reported in [10] and [11] which presumably
corrected the one-loop term derived in [9, 12] by including I2 and (in [10] ) by taking into account
dimensional regularization of the scale factor and wavefunctions. The I1 term we computed here
is identical to that stated in [9, 12] modulo the logarithmic argument. The one-loop terms for
fermions and gauge fields were presented in [12] with the I2 term not being taken into account at
all even though they turn out to vanish. While (2.36) is identical to that presented in [12], (2.37)
differs. In the following, we check our results by deriving them using a different regularization
method.
2.3.2 Logarithmic one-loop corrections from dimensional regularization
We now study if we recover the same finite logarithmic term in dimensional regularization as a
consistency check. We begin by writing the spatial dimensionality as d = 3 + δ, and noting that
the angular integration should generalize as∫
dΩ2+δ =
∫ pi
0
dΘ sin1+δ Θ×Vol(S1+δ) =
∫ pi
0
dΘ sin1+δ Θ× (2pi)pi
δ/2
Γ
(
1 + δ2
) . (2.38)
Keeping aside the dimensional regularization factors associated with the scale factors and mode
wavefunctions for the moment, we then have
I(q) =
1
2piq3
∫
d3+δp
∫
d3+δp′ δ3+δ(p+ p′ + q)
[
F1(p, p
′) + F2(p, p′)
]
=
qδ
2pi
∫ 2pi
0
dφ sinδ φ
∫ ∞
0
dp pδ
∫ p+1
|p−1|
dp′ sinδ Θ
[
F1(p, p
′) + F2(p, p′)
]
= qδ
(
piδ/2
Γ(1 + δ/2)
)∫ ∞
0
dp pδ
∫ p+1
|p−1|
dp′ sinδ Θ
[
F1(p, p
′) + F2(p, p′)
]
, (2.39)
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with sinδ Θ =
[
1−
(
(p′)2−p2−1
2p
)2]δ/2
. To proceed, we find it useful to perform a coordinate
transformation which is singular at zero δ as follows.
P = pδ, dp =
p
δ
dP
P
. (2.40)
Let J1,2(δ) denote the momenta integrals in (2.39) corresponding to the integrand terms F1,2(p, p
′)
respectively, with sinδ Θ term absent and in the domain p > 1. In the case of the scalar field,
we find
J1(δ) =
∫ ∞
1
dp pδp2
(
−2− (p+ 1)2 log p
p+ 1
)
=
∫ ∞
1
dP
P 3/δ
δ
(
−2 + (P 1/δ + 1)2 log
(
1 + P−1/δ
))
, (2.41)
where in the limit δ → 0, we find this integral yields a cut-off independent finite term that reads
J1(δ) = − 1
30δ
+ . . . (2.42)
which is identical to the result obtained in the previous section via cutoff regularization. One can
locate this term from the few first terms in the Taylor expansion of the logarithm term in (2.41),
considering only those that give a δ-independent terms in the integrand. Substituting (2.42) into
equation (2.39) precisely reproduces the logarithmic term we obtained previously using cutoff
regularization. The other δ-dependent terms in (2.39), apart from qδ, do not contribute to this
logarithmic running apart from unimportant numerical constants. Explicitly, the factor
piδ/2
Γ(1 + δ2)
≈ 1 + δ
(
γ
2
+
1
2
Log(pi)
)
+ . . . ,
whereas expanding the sinδ Θ term introduces a term Log
(
1− (r2−p2−1)2
4p2
)
in the integrand,
which gives rise to a numerical constant. Similarly for the fermions and vector fields, these
terms do not play a role in yielding nontrivial one-loop correction terms, and henceforth, we
omit them in our discussion.
Now for the term corresponding to F2(p, p
′), we obtain
J2(δ) =
∫ ∞
1
dp
1
2
pδ+1
(
1 + 5p+ 4p(1 + p) log
p
p+ 1
)
=
∫ ∞
1
dP
P 2/δ
2δ
(
1 + 5P 1/δ + 4P 1/δ
(
1 + P 1/δ
)
log
(
1 + P−1/δ
))
, (2.43)
where in the limit δ → 0, we find this integral diverges but it contains a finite term that reads
J2(δ) =
1
6δ
+ . . . (2.44)
which is again identical to the result obtained via cutoff regularization. Naively then, we have
the one-loop term being I(q) = 215 log
(
q
µ
)
, after expanding qδ = 1 + δ log(q) + . . ..
Finally, we take into account the analytic continuation of the scale factors in the integration
measure and the wavefunctions ( those running in the loop and not external ones). This was
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already explained in [10] and thus let us very briefly elaborate on this point with some details
that are relevant specifically for our context. For each vertex, the analytic continuation of
the interaction Hamiltonian introduces a factor of aδ(τ) due to the dependence on the metric
determinant, each of which can be expanded as
aδ(τ) = 1− δ log(−Hτ) + . . . (2.45)
The time-integrals are dominated by the time at horizon exit, and thus for each scale factor,
this modifies our final result for the one-loop logarithmic term to be
I(q) = qδ
(
2
15δ
+ . . .
)
×
(
1− δ log
(
H
q
)
+ . . .
)
. (2.46)
Apart from this correction, the analytic continuation of the scalar wavefunctions running in the
loop yields for each an additional factor of 12δ log(−Hτ) coming from the fact that
ζ(τ) ∼ H
1+δ/2(−kτ)(3+δ)/2
k(3+δ)/2
H
(1)
(3+δ)/2(−kτ) (2.47)
and similarly for χ(τ). Since there are six such factors, summing all corrections, one obtains
I(q) =
(
1 + δ log
(
q
µ
)
+ . . .
)(
2
15δ
+ . . .
)
×
(
1 +
(
6
2
− 2
)
δ log
(
H
q
)
+ . . .
)
=
2
15
log
(
H
µ
)
+. . .
(2.48)
which is identical to the result obtained via cutoff regularization.
Let us complete our discussion by analyzing the fermions and gauge fields’ cases: we find
that in both cases, the term J2(δ) does not yield any finite logarithmic term, whereas the J1(δ)
term is non-vanishing and reads in each case:
1. Fermions:
J1(δ) =
∫ ∞
1
dp
2
3
pδ(1 + 2p)
(
1 + 12p+ 12p2 + 6p(1 + 3p+ 2p2) log
p
p+ 1
)
=
∫ ∞
1
dP
2P
1
δ
3δ
(1 + 2P
1
δ )
(
1 + 12P
1
δ + 12P 2/δ + 6P
1
δ (1 + 3P
1
δ + 2P 2/δ) log
(
1 + P−
1
δ
))
.
(2.49)
2. U(1) gauge fields:
J1(δ) =
∫ ∞
1
dp pδ
[
1
6
− 2p
3
− 3p2 − 2p3 − 2p2(1 + p)2 log p
1 + p
]
=
∫ ∞
1
dP
P
1
δ
δ
[
1
6
− 2P
1
δ
3
− 3P 2/δ − 2P 3/δ − 2P 2/δ(1 + P 1δ )2 log
(
1 + P−
1
δ
)]
.
(2.50)
They give rise to the singular terms − 215δ and − 115δ respectively which precisely agree with the
previous calculation based on cutoff regularization.
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Similar to the scalar field, one needs to analytically continue the wavefunctions in dimensional
regularization. For the fermions, as pointed out in for example [20], in d+1-dimensional de Sitter,
the Dirac equation turns out to read i
(
γµ∂µ − d2τ γ0
)
Ψ = 0 which admits the d−dimensional
spinor wavefunction
Ψ(~x, t) = (−Hτ) d2
∫
ddq
∑
s
ei~q·~x
[
U~q,s(t)a~q,s + V−~q,s(t)β
†
−~q,s
]
, (2.51)
where U~q,s, V~q,s are spinors with definite conformal momenta in d + 1-dimensional Minkowski
spacetime. Expanding d = 3+δ, one obtains a correction factor of 12δ log(−Hτ) for the logarith-
mic running in I(q), similar to what arises from the analytic continuation of scalar wavefunctions.
For the gauge fields in the parametrization of (2.12), we checked that the free d−dimensional
Maxwell equations in conformal coordinates imply that the modes Aq(τ) satisfy
d2Aq
dτ2
+ q2Aq − (d− 3)1
τ
dAq
dτ
= 0. (2.52)
In the case of d = 3, we obtain plane waves which can be normalized with Bunch-Davies
condition. For generic d = 3 + δ, we find the solution
Aq ∼ (−Hτ)
1+δ
2 H
(1)
1+δ
2
(−qτ), (2.53)
where H
(1)
v (−qτ) denotes the Hankel function of the first kind. Once again expanding d = 3+δ,
one obtains the same correction factor of 12δ log(−Hτ) for the logarithmic running in I(q).
Together with our computations of J1,2(δ), this implies that for the fermions and gauge fields,
the one-loop logarithmic running goes as
Ifermion = − 2
15
log
(
H
µ
)
, Igauge = − 1
15
log
(
H
µ
)
which are identical to the results obtained via cutoff regularization. Finally, we recall that the
tree-level primordial power spectrum is 〈ζζ〉tree = H
2/M2pl
2(2pi)3q3
, and thus all the various one-loop
correction terms 〈ζζ〉1−loop = H
4(τq)
(2pi)2q3
I(q) are suppressed by ∼  H2
M2pl
.
3 On noncommutative QFT and inflationary dynamics
3.1 Some aspects of noncommutative quantum field theory
In the following, we very briefly review a couple of aspects of noncommutative QFT (see for
example [21] for a more extensive discussion). We begin with the commutation relation for a
noncommutative Rd
[xµ, xν ] = iθµν (3.1)
where θµν is a real, constant and antisymmetric matrix. In previous literature notably [22,
23, 17, 19], θ0i was turned on and shown to deform the two-point function at tree-level. For
simplicity, we will not consider a non-vanishing θ0i in this work, only switching on the spatial
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noncommutativity (see [28] for a related discussion in the context of the one-loop effective action
for inflation on a noncommutative spacetime).3
The algebra of functions on noncommutative Rd is an algebra of ordinary functions on Rd
with the product deformed to a noncommutative but associative Moyal star product defined by
(φ1 ? φ2) (x) = e
i
2
θµν∂yµ∂
z
νφ1(y)φ2(z)|y=z=x. (3.2)
A practical formulation of noncommutative QFTs is to adopt as the starting point an action
of the same form but with the fields in the Lagrangian being multiplied using the above Moyal
star product. The quadratic part of the action remains the same as in the commutative theory
since ∫
ddx ∂φ(x) ? ∂φ(x) =
∫
ddx ∂φ(x) ∂φ(x), (3.3)
where total derivative terms have been dropped using suitable boundary conditions on φ. Prop-
agators thus take the identical form as in the commutative theories. On the other hand, interac-
tions will be generically modified. For example, noncommutative polynomial interactions take
the form
φ1(x1) ? . . . ? φn(xn) =
∏
a<b
exp
(
i
2
θµν
∂
∂xµa
∂
∂xνb
)
φ1(x1) . . . φn(xn). (3.4)
In particular it is useful to note the cyclic permutation symmetry of Moyal product inside
the integral, i.e.
∫
d4x f(x) ? h(x) ? g(x) =
∫
d4xh(x) ? g(x) ? f(x). Thus, for example, the
noncommutative deformation of the complex scalar field theory with potential V (φ, φ¯) = (φ¯φ)2
is described by a two-coupling deformation V (φ, φ¯) = g1φ ? φ¯ ? φ ? φ¯ + g2φ ? φ ? φ¯ ? φ¯. In
noncommutative QED, the gauge-fermion coupling is generalized to the form ϕ ? γµAµ ? ϕ −
ϕ ? ϕ ? γµAµ which is compatible with the noncommutative gauge transformation of the form
δλAµ = ∂µλ− ie(Aµ ? λ− λ ? Aµ).
3.2 Noncommutative deformations of the interaction Hamiltonians
In the following, we construct noncommutative deformations of the interactions between min-
imally coupled matter fields and the scalar fluctuation of the metric ζ. As we have seen, the
various interaction Hamiltonians ( (2.5), (2.5), (3.16) ) are trilinear in the fields and can be read
off from (2.4) as derived in [9, 12]. We begin by considering a two-coupling (g, h) noncommuta-
tive deformations of the following form
Hint ∼ gM(x) ? N(x) ?∇−2ζ˙ + hM(x) ?∇−2ζ˙ ? N(x), (3.5)
where M(x), N(x) represent matter fields with appropriate derivative operators acting on them.
In the limit of vanishing noncommutative parameter, we wish to recover the usual interaction
Hamiltonian, and hence we impose the moduli constraint
g + h = 1. (3.6)
3We note in passing that in [24, 25], it was claimed that a non-zero θ0i may pose problem with unitarity at the
field theoretic level and that there appears to be no regime of parameters where a string theoretic construction
could be associated with it essentially because it necessarily brings with it massive string states.
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Another constraint is more visible when we work in momentum space. Schematically writing
M(x) =
∫
d3p M~p(t) e
i~p·~x where M~p is the field in momentum space, the interaction Hamiltonian
then reads
Hint ∼
∫
d3p
∫
d3p′δ3(~p+ ~p′ + ~q)
(
gep
′∧p + he−p
′∧p
)
M~p′(t)N~p(t)
(
∇−2ζ˙
)
~q
(t), (3.7)
in which we denote p′ ∧ p ≡ − i2θmnpnp′m. Since Hint should be real, we obtain
g¯ = h. (3.8)
Together with (3.6), we are led to a one-parameter (g) noncommutative deformation with
Re(g) =
1
2
. (3.9)
We note in passing that other models of noncommutative deformations of inflationary dynamics
have appeared in past literature. In [26], noncommutative spacetime geometry is understood
in the form of a deformation of the canonical commutation relation between the field operators
and this could lead to phenomenological consequences different from what we obtain from our
construction of noncommutative deformation. For example, it turns out that a non-vanishing
θ0i leads to the primordial power spectrum attaining a factor of eHθ
0mkm as discussed in [26, 27]
instead of cosh(Hθ0mkm) as in [17].
3.3 Planar and non-planar graphs at one-loop
We now revisit the one-loop contributions to 〈ζζ〉 due to the noncommutative trilinear interac-
tions. For definiteness, let’s begin with the term 〈Hint(τ1)Hint(τ2)ζζ〉 - an eight-point function
which factorizes into a product of two four-point functions, one involving the external matter
fields and the other one involving the ζ’s. Each Wick contraction yields a specific Moyal phase
factor, with non-trivial ones that can be interpreted diagrammatically as non-planar graphs and
trivial ones being planar ones. We find that fermions and complex scalars attain noncommu-
tative corrections that can be described purely by non-planar diagrams whereas real scalars
and vector fields always have corrections that are described by a sum of planar and non-planar
diagrams.
Below, we derive this point in detail by manifestly keeping track of the Wick contractions
among the matter fields in the four-point function and using (3.4). The overall phase factor
depends on the relative position of each field in the correlation function and its contraction with
the other fields. To simplify notations, we omit all derivative operators acting on the fields which
do not affect the computation of Moyal phase factors.
First, consider the two cases (fermions and complex scalars) for which we could only have non-
planar diagrams. For fermions, we have M(x) = Ψ(x) and N(x) = Ψ(x) whereas for the complex
scalar, we have M(x) = Φ¯(x), N(x) = Φ(x). For each of the four terms in 〈Hint(τ1)Hint(τ2)ζζ〉,
denoting the internal momenta of M(x1), N(x1) to be p
′, p respectively, we find the phase factors
to read
Moyal phase of M(x1) ? N(x1) ? ζ(x1) ? M(x2) ? N(x2) ? ζ(x2) ∼ 0
16
M(x1) ? N(x1) ? ζ(x1) ? M(x2) ? ζ(x2) ? N(x2) ∼ 2p′ ∧ p
M(x1) ? ζ(x1) ? N(x1) ? M(x2) ? N(x2) ? ζ(x2) ∼ −2p′ ∧ p
M(x1) ? ζ(x1) ? N(x1) ? M(x2) ? ζ(x2) ? N(x2) ∼ 0. (3.10)
The Wick contractions among the ζ’s do not change the phase factors and hence we omit them
above. This implies then that the noncommutative one-loop term 〈Hint(τ1)Hint(τ2)ζζ〉 gains
the following correction factor in momentum space
〈Hint(τ1)Hint(τ2)ζζ〉(p′,p) →
[
2|g|2 cosh(2p′ ∧ p) + g2 + g¯2] 〈Hint(τ1)Hint(τ2)ζζ〉(p′,p). (3.11)
The θ-independent term in the square bracket of (3.11) is depicted by the planar diagram
equivalent to the commutative case whereas the other term can be represented by non-planar
diagrams that we will study in detail in the following section. Also, the two points in the
modulus space corresponding to the absence of planar diagrams are
gnon-planar =
1√
2
e±
ipi
4 . (3.12)
They can be mapped to each other by switching the sign of θ. For the real scalar field, due to
cyclic permutation symmetry, the noncommutative Hamiltonian reads
Hζχχ = −
∫
d3x Ha5
(
2χ˙ ? χ˙ ?∇−2ζ˙
)
. (3.13)
Keeping track of the Moyal phase factor for each fully contracted term, we find
χ(x1) ? χ(x1) ? ζ(x1) ? χ(x2) ? χ(x2) ? ζ(x2) ∼ 2p′ ∧ p,
χ(x1) ? χ(x1) ? ζ(x1) ? χ(x2) ? χ(x2) ? ζ(x2) ∼ 0. (3.14)
After taking into account the fact that the rest of the correlation function in momentum space
is symmetric w.r.t. p′ ↔ p, we find that each term in (3.10) gains an identical correction factor
1 + cosh(2p′ ∧ p), and thus
〈Hint(τ1)Hint(τ2)ζζ〉(p′,p) →
1
2
[
1 + cosh(2p′ ∧ p)] 〈Hint(τ1)Hint(τ2)ζζ〉(p′,p). (3.15)
The θ-independent part of (3.15) can be represented by planar diagram whereas the part con-
taining cosh(2p′ ∧ p) is depicted by the non-planar diagrams. In the commutative case, the
complex scalar field is equivalent to two real scalars via a field redefinition but this equivalence
is however spoilt by the noncommutative deformation. Also, we find that (3.15) also applies to
the U(1) gauge field for which the noncommutative interaction Hamiltonian reads
HζAA = −
∫
d3x Ha5
(
1
a2
A˙i ? A˙ ?∇−2ζ˙ + 1
2a4
Fij ? Fij ?∇−2ζ˙
)
(3.16)
We now proceed to compute the one-loop corrections with the Moyal phase factors, i.e. the
non-planar diagrams as drawn in Figure 2.
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ζ~qζ~qζ~qζ~q
X~p′
X~p
X~p′
X~p
Figure 2: We denote X~P to represent a massless matter field X with momentum
~P . The non-
planar diagram on the left corresponds to terms which attain a phase factor of 2p′ ∧ p whereas
the one on the right is associated with the conjugate phase factor −2p′ ∧ p. Both planar and
non-planar diagrams are present in the one-loop correction. For the real scalar and abelian
gauge field, they yield an overall deformation factor 12(1 + cosh(2p
′ ∧ p) to the commutative
one-loop correction. For the massless fermion, there is a choice of noncommutative deformation
such that the overall factor is simply cosh(2p′ ∧ p), i.e. only non-planar diagrams contribute.
3.4 The generic Moyal deformation factor for cubic graph contribution to
one-loop correction
We now consider the effect of the noncommutative deformation factor cosh(2p′∧p) and evaluate
the non-planar diagrams in Figure 2 explicitly. In the usual commutative setting, denoting ~q
to be the external momentum (of ζ) and ~p′, ~p to be the internal momenta running in the loop,
one finds that the internal momenta integrals can be conveniently performed via (2.20) where
we took ~q to lie along the pz-axis and noted that the polar angular integration simply yields a
factor of 2pi since the correlation function depends on the magnitude of various momenta. For
the non-planar diagrams in the noncommutative setting, the Moyal phase factor introduces a
dependence on the polar angle, breaking the rotational symmetry so (2.20) is no longer valid
generally. Since ~q + ~p+ ~p′ = 0, we have
p′ ∧ p = − i
2
θmnp
np′m =
i
2
θmnp
nqm, (3.17)
and further taking ~q to lie along the pz-axis, the Moyal phase factor is then
cos
(
q
(
θ31(p sin Θ cosϕ) + θ32(p sin Θ sinϕ)
))
.
Revisiting the momenta integrals in (2.20), we first perform the polar angle integration which
yields∫ 2pi
0
dϕ cos
(
q
(
θ31(p sin Θ cosϕ) + θ32(p sin Θ sinϕ)
))
= 2piJ0 (pq|θ|| sin Θ|) , (3.18)
where
θ ≡
√
θ231 + θ
2
32, | sin Θ| =
√
1− (p
′2 − p2 − q2)2
4p2q2
,
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and we have invoked a useful integral representation of the Bessel function∫ 2pi
0
dϕ cos(a cosϕ+ b sinϕ) = 2piJ0(
√
a2 + b2). (3.19)
This implies that instead of (2.23), the one-loop correction arising from non-planar graphs reads
I(q, ω) =
∫ L/q
0
dp
∫ p+1
|p−1|
dp′
[
F1(p, p
′) + F2(p, p′)
]
J0(pω sin Θ), (3.20)
where ω is the noncommutative parameter in units of q, i.e. ω ≡ q2θ. Defining θi ≡ 12ijkθjk, we
see that at least at one-loop order, the noncommutative deformation picks up only the magnitude
of the noncommutative vector θi projected onto the plane transverse to momentum ~q. The form
of I(q, ω) in (3.20) implies that it is a function of L/q and ω. Restoring the generic direction of
~q, the transverse noncommutativity parameter reads
θT = θ
√
1− (qˆ · θˆ)2, θ ≡ |~θ|.
For the rest of the paper, we omit the superscript on θ for notational simplicity. We see that
the Moyal phase factor implies that the one-loop correction breaks spatial isotropy and could be
a source of some degree of anisotropy of the CMB after convoluting with appropriate transfer
functions for which we expect to be separated in scale and hence unmodified by spacetime
noncommutativity.4
4 One-loop correction from non-planar graphs
We now come to the central part of this paper where we study the one-loop correction in (3.20).
To make further computations tractable, it is useful to invoke asymptotic expansion of the Bessel
function for both small and large arguments. For small argument z < 1, J0(z) goes as [29]
J0(z) =
∞∑
k=0
(−1)k (
1
4z
2)k
k!k!
, (4.1)
whereas for large argument z ≡ 1/l, l < 1, we have [29]
J0(1/l) =
√
2l
pi
[
cos
(
1
l
− pi
4
) ∞∑
k=0
(−1)ka2kl2k − sin
(
1
l
− pi
4
) ∞∑
k=0
(−1)ka2k+1l2k+1
]
, (4.2)
with the coefficients being
ak =
(2k − 1)!!(2k − 1)!!(−1)k
k!8k
.
4 Explicitly, expanding the temperature deviations in terms of spherical harmonics δT (qˆ)
T
=
∑
l,m almYlm(qˆ),
the two-point function 〈ζ~qζ~q′〉 is related to observables via
〈almal′m′〉 = 16pi2(−i)l−l
′
∫ ∫
d3qd3q′
(2pi)6
∆l(q)∆l′(q
′)〈ζ~qζ~q′〉Y ∗lm(qˆ)Yl′m′(qˆ′),
where ∆l(q) are the transfer functions. See for example [17].
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From (3.20), we see that in the limit ω = 0, the Bessel function smoothly goes to unity and we
should recover the one-loop corrections terms in the commutative setting. In the following, we
consider the cases of 0 < ω < qL and 1 > ω ≥ qL separately. For the former, we can invoke (4.1)
throughout the (two-dimensional) domain of integration, whereas for the latter, it is convenient
to split the integral into a few pieces where in each of them, either (4.1) or (4.2) can be used
separately depending on whether the argument pω sin Θ is smaller or larger than unity. Scaling
all virtual momenta to be units of q, using cos Θ = r
2−p2−1
2p , we can check that the argument
pω sin Θ = 1 at r = r±, where
r± ≡
√
p2 + 1± 2p
√
1− 1
p2ω2
.
We proceed to split the integral into three parts where in two of them, we can use (4.1). Denoting
the integrand in (2.23) to be F (p, r) (and taking note of the respective domains of the asymptotic
expansion for small or large z ≡ pω sin Θ), we write I(q, ω) as a sum of three terms as follows.
I(q, ω) =
∫ 1
ω
0
dp
∫ p+1
|p−1|
dr F (p, r)|z<1 +
∫ L/q
1
ω
dp
∫ r−
|p−1|
dr F (p, r)|z<1
+
∫ L/q
1
ω
dp
∫ p+1
r+
dr F (p, r)|z<1 +
∫ L/q
1
ω
dp
∫ r+
r−
dr F (p, r)|z>1
=
∫ L/q
0
dp
∫ p+1
|p−1|
dr F (p, r)|z<1 −
∫ L/q
1
ω
dp
∫ r+
r−
dr F (p, r)|z<1 +
∫ L/q
1
ω
dp
∫ r+
r−
dr F (p, r)|z>1
≡ I1(q, ω) + I2(q, ω) + I3(q, ω). (4.3)
If we take ω = qL , the domains of the virtual momenta integrals in I2, I3 close up, leaving one
with only I1 in (4.3). One is led to consider both the regimes 0 < ω ≤ qL (with only I1) and
1 > ω ≥ qL (with I(q, ω) = I1 +I2 +I3) separately. When implementing the cutoff regularization,
we noted earlier that one should identify L/q = Λphy/H and the renormalized finite one-loop
term is then obtained by effectively replacing q with H(τq) in the argument of the logarithmic
running. Adopting the same procedure here, we see that apart from I1, both I2, I3 should be
added to the one-loop term for 1 > ω ≥ Hµ and both should vanish at the transition value
ω = Hµ . For 0 < ω ≤ Hµ , only I1 remains and one should have a smooth ω = 0 limit for I1.
Although it turns out that (4.3) is difficult to compute for the cases of interest in this
paper, some simplification can be applied for us to explicitly compute the one-loop correction
nonetheless. In particular, we found that there is no one-loop contribution arising from I3. For
computational ease, we perform a change of variables in (4.3) by defining
l =
1
pω sin Θ
, s =
1
pω
,
after which one obtains
I3(q, ω) =
∫ L/q
1
ω
dp
∫ r+
r−
dr [F1(p, r) + F2(p, r)] J0(pω sin Θ)
=
1
ω2
∫ 1
q
Lω
ds
1
s
∫ 1
s
dl
l2
√
l2 − s2
[
1
r+(s, l)
F (s, r+(s, l)) +
1
r−(s, l)
F (s, r−(s, l))
]
,
(4.4)
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where we have defined
r±(s, l) ≡
√(
1
sω
)2
+ 1± 2
(
1
sω
)√
1− s
2
l2
,
F (s, r±(s, l)) ≡ [F1(s, r±(s, l)) + F2(s, r±(s, l))] J0(l). (4.5)
The limiting radii r± which mark the boundary of the previous r-integral in (4.4) are now
degenerate at l = 1, with r± = r±(s, 1). As we will see, the integrand has a rapidly oscillatory
behavior as we send the cutoff to infinity which is an indeterminate limit.
4.1 Scalar field
In the following, we discuss the one-loop correction for the scalar field in detail before presenting
the results of the fermions and gauge fields. We begin with the integral I1 which we find to be
of the form
I1(q, ω) = Ic(q) +
ω2
5040
[
L˜(−18 + 9L˜+ 134L˜2 + 1023L˜3 + 1080L˜4 + 220L˜5)
+18Log(L˜)− 18(1 + L˜)4(−1 + 4L˜− 10L˜2 + 20L˜3)Log(1 + L˜−1)
]
(4.6)
where we define L˜ = L/q, and Ic(q) corresponds to the leading order term in (4.1), explicitly
Ic(q) =
1
60
[
L˜(8 + 11L˜+ 6L˜2 + 3L˜3)− 8Log(L˜) + 4(−2− 5L˜3 + 3L˜5)Log(1 + L˜−1)
]
. (4.7)
Thus, after discarding terms of the form ωn, n > 0 with coefficients which diverge polynomially
in L˜, we can read off
I1(q, ω) = Ic(q)− 1
280
ω2 Log
(
L
q
)
+ . . . (4.8)
The term containing ω2 comes from k = 1 term in (4.1). All higher k-terms yield no logarithmic
contributions to the one-loop correction. After renormalization to take into account terms that
diverge as L˜ → ∞, and further replacing L˜ = Λphy/H(τq) as explained earlier, the residual
logarithmic running reads
I1(q, ω) =
(
2
15
− 1
280
ω2
)
Log
(
H
µ
)
, (4.9)
which smoothly reduces to the commutative one-loop term as ω → 0. This is the one-loop
correction for ω < Hµ . For the rest of the domain of ω, the added complication is that one needs
to also include I2 and I3, both of which should vanish at ω =
H
µ .
Before we proceed to compute them, it serves as a good consistency check to study if we
also obtain the same one-loop correction I1 via dimensional regularization. A straightforward
computation reveals that it yields a one-loop term identical to what we obtained via cutoff
method above. Explicitly we find
J1(q, ω) = Jc(q) +
ω2
δ
∫ ∞
1
dP
(
− 1
6P−
6
δ
+
1
60P−
4
δ
− 1
24P−
3
δ
+
1
40P−
2
δ
− 1
120P−
1
δ
+
1
280
− 1
560P
1
δ
+ . . .
)
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+
ω4
δ
∫ ∞
1
dP
(
1
120P−
8
δ
− 1
168P−
6
δ
+
1
480P−
5
δ
− 1
720P−
4
δ
+
1
3360P−
3
δ
)
+O(ω6) (4.10)
where as introduced in Section 2, in dimensional regularization, we define
I1(q, ω) = q
δ pi
δ/2
Γ(1 + δ/2)
J1(q, ω),
and in (4.10), Jc(q) refers to the corresponding term in the commutative case. In (4.10), we
see that the only finite term in the integrand is the numerical constant − 1280 . The integrands
for all other terms higher-order in ω (which follow from the higher-order terms in the ‘k’-
expansion of (4.1)) can be obtained straightforwardly and they contain no such finite constant.
This precisely reproduces the result (4.9) after including logarithmic terms that arise from the
analytic continuation of the internal loop wavefunctions and scale factors.
For the second integral I2 (to be added to the one-loop correction for ω > H/µ), we find
correction terms which are non-perturbative in ω. Schematically, we find it to be of the form
I2(q, ω) =
(B4
ω4
+
B2
ω2
+
2
15
− 1
280
ω2
)
Log
(ωµ
H
)
+ . . . (4.11)
where the ellipses stand for terms which diverge with the cutoff, and the coefficients B4,B2 are
finite constants which can be determined up to arbitrary order in the ‘k’-expansion of (4.1).
For example, working up to and including k = 2 in (4.1), we find B4 = 18 − 148 + 11024 + . . .,
B2 = −14 + 132 − 1768 + . . ., with the ellipses representing higher-k terms that are increasingly
smaller in a converging series. It is important to note that (4.11) vanishes at the transition point
ω = H/µ.
Again, we could compute this one-loop term via dimensional regularization. Denoting I2(q, ω) =
qδ pi
δ/2
Γ(1+δ/2)J2(q, ω), for the first few values of k, we find
k = 0 : J2(q, ω) =
1
δ
∫ ∞
(1/ω)δ
dP
[
− 1
P−
4
δ
+
3 + ω2
6ω2P−
2
δ
− 1
4P−
1
δ
+
(
2
15
+
1
8ω4
− 1
4ω2
)
+O
(
P−
1
δ
)]
k = 1 : J2(q, ω) =
1
δ
∫ ∞
(1/ω)δ
dP
[
ω2
6P−
6
δ
− ω
2
60P−
4
δ
+
ω2
24P−
3
δ
− 2ω
4 + 5
80ω2P−
2
δ
+
ω2
120P−
1
δ
− 70− 105ω
2 + 12ω6
3360ω4
+O
(
P−
1
δ
)]
k = 2 : J2(q, ω) =
1
δ
∫ ∞
(1/ω)δ
dP
[
− ω
4
120P−
8
δ
+
ω4
1680P−
6
δ
− ω
4
480P−
5
δ
+
ω4
720P−
4
δ
− ω
4
3360P−
3
δ
+
1
384ω2P−
2
δ
+
(
1
1024ω4
− 1
768ω2
)
+O
(
P−
1
δ
)]
(4.12)
The one-loop term can again be read off from the finite P -independent piece. A crucial difference
from J1(q, ω) lies in the lower integration limit which yields for every P -independent term C0
in the integrand of (4.12) a factor of
− C0
δ
×
(
ω−δ
)
∼ −C0
δ
(1− δLog(ω)) + . . . (4.13)
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As elaborated earlier, after taking into account the analytic continuation of the scale factor and
wavefunctions, one further obtains
I2(q, ω) =
(
1 + δ log
(
q
µ
)
+ . . .
)(
−C0
δ
+ . . .
)
×
(
1 +
(
6
2
− 2
)
δ log
(
H
q
)
+ . . .
)
= −C0 log
(
H
µ
)
+ . . . (4.14)
which together with (4.13) implies that the one-loop correction can be read off as
I2(q, ω) = C0 Log
(ωµ
H
)
=
(B4
ω4
+
B2
ω2
+
2
15
− 1
280
ω2
)
Log
(ωµ
H
)
. (4.15)
This agrees precisely with (4.11). Thus, for the domain ω ≥ H/µ, the sum of both I1 and I2
gives the one-loop correction term
I1(q, ω) + I2(q, ω) =
(
2
15
− 1
280
ω2
)
Log (ω) +
(B4
ω4
+
B2
ω2
)
Log
(ωµ
H
)
. (4.16)
Finally, let us turn to the remaining term I3. In (4.4), we have
F1(s, r(s, l)) =
r2(s, l)J0(l)
sω(1 + sω(r(s, l) + 1))
, F2(s, r(s, l)) =
r2(s, l)J0(l)
(1 + sω(r(s, l) + 1))2
. (4.17)
To proceed, for computational convenience, one can express the integrand as a Taylor series in
ω. The leading term in the large argument expansion of the Bessel function in (4.2) yields
I3(q, ω) =
∞∑
n=−4
Fn∑
m=1
∫ 1
q
Lω
ds
∫ 1
s
dl
sn+1
l
3
2
Cm
(s
l
)2m−2 l sin (1l − pi4 )+ 8 sin (1l + pi4 )√
l2 − s2 ω
n (4.18)
where Cm are constants and
Fn =
{
n
2 + 3, for even n
n+1
2 + 1, for odd n
At this point unfortunately, we were unable to proceed analytically and hence we resort to a
numerical study of the oscillatory integral in (4.18) in which we found that the integral is rapidly
oscillatory and approaches an indeterminate limit as q/Lω → 0, a behavior which persists at
other subleading terms in (4.2). This indicates that there is no one-loop correction term in I3.
Again, it is instructive to approach the calculation via dimensional regularization which, as
in the case of I2, translates into the existence of a finite constant term in the integrand of the
p−integral after integrating out the other internal momentum. In our new set of coordinates,
defining I3(q, ω) = q
δ piδ/2
Γ(1+δ/2)J3(q, ω),
J3(q, ω) =
1
δ
∫ L˜δ
(1/ω)δ
dP
[ ∞∑
k=0
∞∑
n=−4
Fn∑
m=1
∫ 1
s
dl (−1)k
×l2k s
n+2
l
3
2
Cm
(s
l
)2m−2 la2k sin (1l − pi4 )− a2k+1 sin (1l + pi4 )√
l2 − s2 ω
n
]
(4.19)
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where s = 1/pω = P−
1
δ /ω. We find that there is no finite constant term in the integrand when
expressed as a series in s (or P−
1
δ ). One way to see this concretely is to write the integrand
formally as an infinite series in (l−s) (which is positive and smaller than unity) so as to develop
a series expression for the l−integral. Further expanding in P− 1δ reveals that all terms are
accompanied by either sin
(
1
s
)
or cos
(
1
s
)
both of which harbors an essential singularity at s = 0.
Thus, we deduce that there is no one-loop correction arising from I3. For the scalar field then,
taking into account (4.16) and (4.9), the one-loop correction is
I(q, ω) =

(
2
15 − 1280ω2
)
Log
(
H
µ
)
, ω ≤ Hµ(
2
15 − 1280ω2
)
Log (ω) +
(B4
ω4
+ B2
ω2
)
Log
(ωµ
H
)
, ω > Hµ
(4.20)
Figure 3: A plot of the cofficient of 1/ω4 vs q/(Lω), with k = 0 in (4.18), with an interpolating
function connecting some set of points obtained by numerical integration for (4.18). We find
the same qualitative behavior, in particular the rapidly oscillating behavior at small q/(Lω) for
other values of k and for other Cn, n > 0. The coefficient asymptotes to zero in the commutative
limit ω = q/L, while it becomes rapidly oscillatory as q/(Lω) → 0 which is an indeterminate
limit. We find similar behavior for the cases of fermion and vector fields.
4.2 Fermions and Gauge fields
The computation of the one-loop correction proceeds similarly for the fermions and gauge fields
on the noncommutative spacetime, so we will briefly present the main results. Similar to the
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scalar field case, we find that while I3 does not contain any finite one-loop terms, both I1 and
I2 contribute to the one-loop correction. The following is a compact presentation of various
relevant expressions (in both regularization schemes) and the final expression for the one-loop
term in each case.
• Fermions:
I1(q, ω) =
2
15
Log
(
L
q
)
+
1
105
ω2Log
(
L
q
)
, I2(q, ω) = − 2
15
Log
(
Lω
q
)
− 1
105
ω2Log
(
Lω
q
)
J1(q, ω) =
1
δ
∫ ∞
(1/ω)δ
dP
[
− 2ω
2
105P−
2
δ
+
1
105
(14 + ω2)− ω
2P
1
δ
210
+
ω2 − 6
315
P−
2
δ
+
(
1
30
− ω
2
420
)
P−
3
δ +O(P− 4δ )
]
J2(q, ω) =
1
δ
∫ ∞
(1/ω)δ
dP
[
ω4
1260P−
4
δ
+
(
− ω
4
2310
+
2ω2
105
)
1
P−
2
δ
+
ω4
5040P−
1
δ
−
(
2
15
+
ω2
105
)
+O(P− 1δ )
]
I(q, ω) =
{
2
15Log
( µ
H
)
+ 1105ω
2Log
( µ
H
)
, ω ≤ Hµ
− 215Log (ω)− 1105ω2Log (ω) , ω > Hµ
(4.21)
• Gauge fields:
I1(q, ω) =
1
15
Log
(
L
q
)
+
1
140
ω2Log
(
L
q
)
, I2(q, ω) = − 1
15
Log
(
Lω
q
)
+
ω2
140
Log
( q
Lω
)
J1(q, ω) =
1
δ
∫ ∞
(1/ω)δ
dP
[
− ω
2
70P−
2
δ
+
(
1
15
+
ω2
140
)
− ω
2P−
1
δ
280
+
(
− 1
70
+
ω2
504
)
P−
2
δ
+
(
1
60
− ω
2
840
)
P−
3
δ +O(P− 4δ )
]
J2(q, ω) =
1
δ
∫ ∞
(1/ω)δ
dP
[
− ω
4
1260P−
4
δ
+
(
ω4
1848
+
ω2
70
)
1
P−
2
δ
− ω
4
5040P−
1
δ
−
(
1
15
+
ω2
140
)
+O(P− 1δ )
]
I(q, ω) =
{
1
15Log
( µ
H
)
+ 1140ω
2Log
( µ
H
)
, ω ≤ Hµ
− 115Log (ω)− 1140ω2Log (ω) , ω > Hµ
(4.22)
We note that both terms in I2 can be attributed just to the first two terms in (4.2), with the ω
2
term arising from the subleading (k = 1) terms in the ‘k’-expansion in (4.2). All other k ≥ 2 do
not contribute to the one-loop logarithmic running as we observe in both independent methods
of regularization. In both (4.21) and (4.22), we display only the most singular terms arising from
k = 0, 1, 2. Evidently, the fermions and gauge fields tend to admit a similar form of one-loop
running. For ω ≤ H/µ, the correction term goes as ∼ (C1 + C2 ω2)Log(Hµ ) for some constants
C1, C2. This is also the case for the scalar field but with an opposite sign attached to the ω
2
term.
For ω ≥ H/µ, we simply replace H/µ with ω in the logarithmic argument for the fermions
and gauge fields, whereas for the scalar field, there is an additional term
(B4
ω4
+ B2
ω2
)
Log
(ωµ
H
)
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which goes to zero at ω = H/µ ensuring continuity. This additional term however implies that
for ω > H/µ, the one-loop suddenly increases once ω goes beyond this value if H/µ is small.
This feature is absent for the fermions and gauge fields.
For all massless fields, there is a kink in the one-loop correction at this critical value equivalent
to q =
√
H
θµ . This ‘critical value’ of q beyond which I2 contributes to the one-loop correction
has an interesting interpretation in terms of UV/IR mixing. As explained in for example [21], if
a field φ is non-vanishing over a small spatial region of size δ  √θ, then φ ? φ is non-vanishing
over a much larger region of size θ/δ. This ‘nonlocality’ due to the noncommutative deformation
implies that the IR dynamics receive contributions from high-energy virtual particles. For
the non-planar graph, a virtual particle of energy E  1/√θ will upon interaction produce
measurable effects at energy 1/(θE). In particular, we can relate UV and IR effective cutoffs
roughly as
ΛIR ∼ 1
θΛUV
.
In our evaluation of the one-loop correction via cutoff regularization, we imposed the UV cutoff
L = qΛphy/H, and the one-loop logarithmic running has Λphy/H as its argument (after renor-
malization, we replace Λphy → µ). For q >
√
H
θµ , the term I2 yields a logarithmic running of the
form Log(H/(q2θµ)), compatible with a general expectation that interaction on the noncommu-
tative background induces physical effects at the scale H/(θqΛphy). For the fermion and vector
fields, this translates to replacing
µ
H
→ H
ωµ
(4.23)
in the logarithmic argument with the prefactor C1+C2ω
2 unchanged which, together with the I1,
implies that we have a logarithmic running that goes as Log(ω). For the scalar field, apart from
such a replacement, we also have an additional term
(B4
ω4
+ B2
ω2
)
Log
(ωµ
H
)
giving a discontinuity
in gradient that grows with decreasing ωcrit = H/µ. Modes of superhorizon scales enter into
the one-loop logarithmic term spoiling the scale invariance of the term in the commutative case.
We note however that ω is invariant under the rescaling symmetry
a→ λa, x→ x/λ, q → λq.
Under this symmetry, θ → θ/λ2, but the ‘proper’ noncommutative parameter a2θ (that arises
from the commutator of proper instead of comoving coordinates) is invariant.
The limit ω = 1 corresponds to the point where the coordinates’ uncertainty relation is
saturated. For the fermions and gauge fields, we find that this precisely corresponds to the point
where the one-loop running vanishes, with the one-loop correction being negative for ω > 1 and
positive otherwise. For the scalars, it appears that this point is close to a local minimum instead.
Although we have not explicitly imposed this noncommutativity-related UV cutoff on q, it is
not clear whether our one-loop computation will persist to be reliable in this regime, since this
probes length scale smaller than the noncommutative scale. On the other hand, the ω = 0 limit
is smooth, compatible with the limiting behavior of the Bessel function in (3.20). This is not
always the case for standard QFT with an S-matrix defined on a non-commutative background
where, as explained in [30], UV/IR mixing can sometimes lead to non-analytic behavior leading
to a singular θ = 0 limit.
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Figure 4: Plots of one-loop correction I(q, ω) of various massless fields vs ω = q2θ for the choice
of H/µ = 0.5. For all cases, the first derivative is discontinuous at the transition value ω = H/µ.
The fermions and gauge fields display similar shape dependence, and their one-loop corrections
vanish at ω = 1 after which each changes in sign.
5 Conclusion
After performing a non-commutative deformation of the trilinear interaction Hamiltonians that
pertain to various forms of massless spectator matter fields interacting gravitationally with the
inflaton, we have derived the one-loop correction to the primordial curvature two-point function,
in particular those that arise in the non-planar diagrams. The fact that they are momentum-
dependent indicates that the vacuum fluctuations of the energy-momentum tensor source that
of the curvature fluctuation even for distances beyond horizon scales - a clear signature of non-
locality.
This effect of noncommutative spacetime geometry on one-loop corrections was studied based
on the simplest noncommutative relation between comoving coordinates which preserves the
usual classical FRW evolution. The noncommutative deformation was performed via deforming
the trilinear interaction Hamiltonian term (in the usual commutative setting) by equipping the
algebra of functions on the inflationary background with a spatially noncommutative Moyal star
product. For all massless fields, there is a kink in the one-loop correction at this critical value
equivalent to q =
√
H
θµ . This critical value of q carries a plausible interpretation in terms of the
phenomenon of UV/IR mixing. A logarithmic term of the form Log
(ωµ
H
)
appears for momentum
modes above the critical value, capturing the non-local spreading of virtual particles which are
running in the loop and having energy close to the UV cutoff. For the fermions and gauge field,
this term combines neatly with the original logarithmic term to yield the overall logarithmic
running Log (ω). This holds for the scalar field as well but in this case, there is an additional
term of the form
(B4
ω4
+ B2
ω2
)
Log
(ωµ
H
)
, an effect which vanishes at the critical value.
Another interesting point is ω = 1 which, roughly speaking, corresponds to the point where
the coordinates’ uncertainty relation (due to the noncommutative deformation) is saturated. For
the fermions and gauge fields, we find that this remarkably corresponds to the point where the
one-loop running vanishes, with the one-loop correction being negative for ω > 1 and positive
otherwise. For the scalars, it appears that this point is close to a local minimum instead.
Although we have not explicitly imposed this noncommutativity-related UV cutoff on q, it is
not clear whether our one-loop computation will persist to be reliable in this regime, since this
probes length scale smaller than the noncommutative scale. It would be interesting to see if the
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vanishing of the one-loop correction persists beyond one-loop order for the fermions and gauge
fields.
Our computation of the one-loop correction was performed via two distinct regularization
methods - (i)imposing a momentum cutoff (ii)dimensional regularization including that of modes’
wavefunctions. In all cases, we verified that both methods which yield different infinite terms to
be absorbed by renormalization give nevertheless the same finite one-loop term, thus completing
a consistency cross-check. In the process, we also refined the accuracy of some of the one-loop
terms presented in the usual commutative setting reported previously. We also found that the
ω = 0 limit is smooth, compatible with the fact that we have performed the noncommutative
deformation under the same assumption. The one-loop corrections break spatial isotropy by
being functions of spatial components of the matrix-valued noncommutative parameter and
furnish an example of how in principle, a quantum gravitational effect could introduce signatures
of non-locality and anisotropy in loop corrections of the primordial power spectrum computed
in the Schwinger-Keldysh formalism.
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